The atmospheric neutrino oscillations and the vacuum oscillation solution of the solar neutrino problem can be consistently described by a doubly or triply degenerate neutrino spectrum as long as the high level of degeneracy required is not spoiled by radiative corrections. We show that this is the case for neutrino mass matrices generated by symmetries. This imposes a strong constraint on the mixing angles and requires the mixing should be close to bi-maximal. We briefly discuss the relevance of our results for the measurability of the neutrino spectrum.
Introduction
Observations of atmospheric and solar neutrinos provide very significant indications that neutrinos oscillate between different mass eigenstates m i [1, 2] . As a result, progress has been made in experimentally determining these masses as well as the related mixing parameters. In what follows we assume just 3 light Majorana neutrinos and we use a standard notation for the leptonic mixing matrix V = R 23 (θ 23 ) diag(1, e iφ , 1)R 13 (θ 13 )R 12 (θ 12 ) (1) where R ij (θ ij ) represents a rotation by θ ij in the ij plane. Within this framework and with this notation, the present situation can be summarised as follows:
• It is very likely, although still awaiting confirmation, that 
Prior to the discussion of the experimental potential in this area there is, however, one relevant theoretical problem. The VO of solar neutrinos can be consistently described by the 'degenerate' or the 'pseudo-Dirac' spectra only as long as the high level of degeneracy required is not spoiled by radiative corrections [4, 5] . We investigate this question in this paper, concentrating on the form of neutrino mass matrices motivated by symmetries, as previously suggested [6, 7, 8] . These mixing matrices are all characterized by having θ 12 = π/4 and θ 13 = 0. We will show that these mass matrices have a sufficient degree of stability against radiative corrections to make the VO solution consistent with both doubly and triply degenerate neutrino spectra. In conjunction with the experimental requirement that θ 23 is approximately π/4, this leads to the so called bimaximal mixing matrix [9] . Finally we will consider the necessary and sometimes sufficient conditions needed to determine the full neutrino spectrum. * We remind that in this paper we are considering the case there are just three light neutrinos. Of course our analysis would require revision if this proves not to be the case.
Radiative corrections to the neutrino mass textures
We concentrate on neutrino mass matrices, in the charged lepton flavour basis, of the form
where: i) for the 'degenerate' case, m is the common neutrino mass, m > ∼ m atm , and z = e iφ (1 + δ) with 2δ + δ 2 = (m atm /m) 2 ; ii) for the 'pseudo-Dirac' case, m = m atm and |z| is negligibly small.
In both cases the small splitting necessary to describe the VO of solar neutrinos is neglected. It could come from an explicit extra term in (5) or it could even be generated by the same radiative correction effects that we are going to discuss. R 23 (θ 23 ) is the large angle rotation in the 23 sector that accounts for atmospheric neutrino oscillations. As noted above the neutrino mass matrix (5) is in the flavour basis, i.e. it is associated with diagonal charged lepton mass matrices. For the 'degenerate' case, texture (5) was motivated in [8] on the basis of a spontaneously broken SO(3) flavour symmetry. For the 'pseudoDirac' case, z = 0, texture (5) was introduced in [6, 7] as a consequence of an unbroken abelian symmetry, L e −L µ −L τ . The very fact that this last symmetry is compatible with the Yukawa couplings (the charged fermion masses) of the Standard Model or of the Minimal Supersymmetric Standard Model makes it clear that radiative corrections will not destabilize (5) in either case. The issue is more tricky in the fully 'degenerate' case, with |z| ≈ 1, since (5) is obtained, together with a diagonal charge lepton matrix, only after spontaneous symmetry breaking of the SO(3) symmetry with scalar vacuum expectation values in appropriate directions [8] . Note that (5), which must be viewed as an initial condition valid at some scale Λ, can be rewritten as
with
In full generality, up to universal corrections and negligibly small effects of the muon and electron Yukawa couplings, the renormalized neutrino mass at a scale µ below Λ is given in logarithmic approximation by [4, 5] 
01 is the τ Yukawa coupling in the SM. The two factors in parenthesis stand for the SM or for the MSSM contributions respectively, with tan β = v 2 /v 1 being the usual parameter related to the ratio of the Higgs vevs. For the purposes of this discussion it is sufficient to take µ = M Z , ignoring the small corrections due to the different possible thresholds at the electroweak scale. Since (g τ /4π) 2 ≈ 0.6 10 −6 , ǫ is significantly larger, for any value of Λ and tan β, than the relative splitting needed to account for the VO solution of solar neutrinos, ∆m
Thus if ∆m/m = O(ǫ) there will be a conflict with the required level of degeneracy of the renormalized neutrino masses in (7) [4, 5] . We will demonstrate that for the neutrino mass matrices of the form given in (5), due to the underlying symmetries, in fact ∆m/m = O(ǫ 2 ) and hence the vacuum oscillation solution is quite stable against radiative corrections. It is most convenient to discuss the symmetries in the basis rotated by θ 23 in which the neutrino mass matrix has the form
This is invariant under a U(1) rotation under which the states 1, 2 and 3 have charges +1, −1 and 0 respectively. Now consider the effect of the radiative corrections. If they preserve the U(1) they will leave the zero structure of the mass matrix intact and in turn this leaves one degenerate pair of neutrinos. It is useful to rewrite (7) 
and c ij ≡ cos θ ij , s ij ≡ sin θ ij . In terms ofĨ τ the renormalized mass matrix in the same basis is given byM
Let us consider the order at which the degeneracy of the light neutrinos is lifted. SinceĨ τ comes from wave function renormalization, only its diagonal elements are invariant under the U(1) discussed above. Thus U(1) breaking effects arise through the elements X 23 , X 32 . But these matrix elements, being off-diagonal, would remove the degeneracy of the eigenvalues at O(ǫ) only if ǫ > ∼ |z − 1|, which is not the case, as required by the atmospheric neutrino anomaly.
Discussion of the results
We turn now to the quantitative determination of these effects. To do this is useful to rewrite (7) in terms of the matrix
as
where, by explicit calculation,
Eqs. (13) and (14) are the basic expressions for the renormalized neutrino mass matrix in the flavour basis.
The renormalization of the 'pseudo-Dirac' spectrum is immediately obtained by setting z = 0 in (14) . For the degenerate case, z = e iφ (1 + δ), it is best to work with the hermitian matrix
where, from (14) ) and up to irrelevant corrections. The eigenvalues of this matrix, i.e. the renormalized squared neutrino masses are
As anticipated by our symmetry argument the degeneracy between the light states is lifted at O(ǫ 2 ). Note that had we dropped δ in m would have been of order ǫ. The inclusion of the atmospheric mass splitting is crucial and explains why our conclusions about the compatibility of a 'degenerate' neutrino spectrum with VO solar oscillations differ from [4, 5] .
To the extent (5) 
to be compared with
Eq. (21) is our main result and clearly shows that even a threefold degenerate spectrum, with the neutrino mass matrix following from an underlying symmetry, is compatible with the VO solution of the solar neutrino problem. The radiative correction due to the τ Yukawa coupling is actually a candidate for generating the VO m 2 sun splitting. If this is the case, i.e. the bound in (21) is saturated, a reduction of the uncertainty in the right handed side of (22) would allow a rather precise determination of the average neutrino mass m. At present the lower bound for m is given by m atm = (0.03÷0.1) eV. The upper bound follows from (21). Note that values of cosmological interest, ν m ν ∼ eV, cannot be safely excluded on the basis of (21).
Finally it is of interest to note that θ 12 = π/4 and θ 13 = 0 have been both necessary to avoid corrections of order ǫ to m 2 sun that would drastically change our conclusions. Both θ 12 = π/4 and θ 13 = 0 are not renormalized by radiative corrections ¶ , as may be shown by means of the identity, applied to (17),
where 1, 1) . On the contrary the value of θ 23 does not affect the magnitude of the radiative corrections. ‡ The signs of the mass squared splittings, m 2 sun and m 2 atm , are irrelevant.
§ As said, we are neglecting the running of the τ Yukawa coupling. For example, in the MSSM with moderate tan β and for Λ ≈ 2 10 16 GeV, our approximation is ∼ 2 times larger than the exact result.
¶ Radiative corrections to the mixing angles in presence of two degenerate neutrinos have also been studied in [10, 5] .
The extent to which θ 13 can be non-zero is easy to compute using (10) with X extended to include R 13 . This gives |θ 13 | < m 2 sun /4ǫm
2 . Applying the same analysis to θ 12 gives |θ 12 − π/4| < m 2 sun /4ǫm
2 . We see that in both cases, barring a cancellation between them, the angles must be very small. A cancellation takes actually place if (see also [5] )
as can be understood by the following argument. An arbitrary rotation R 12 (∆θ 12 ) of the original matrix (5) in the 12 plane is irrelevant as long as the µ and e Yukawa couplings are neglected. When the resulting matrix R 12 (∆θ 12 )·R 23 (θ 23 )R 12 (π/4) is rewritten in the standard form (1), the resulting θ ij satisfy the above relation. Therefore it seems not unconceivable that this relation might result as a consequence of an approximate symmetry, although this is not the case in the models in [7, 8] .
Given that θ 23 must be close to maximal and θ 13 cannot be large (see eq. (3)), we conclude that the degenerate case generating a VO solution to the solar neutrino problem stable against radiative corrections must lie very close to the bimaximal mixing solution.
Up to now we have concentrated on the VO solution. Our analysis immediately applies to the SAM-SW and LAMSW cases as well. In such cases, however, the required level of degeneracy is not incompatible even with a splitting of O(ǫ). Hence no significant restriction on the mixing parameters arises.
In conclusion, all the three favorite oscillation solutions of the solar neutrino problem (SAMSW, LAMSW or VO) are compatible with all the three possible spectra of neutrinos ('degenerate', 'pseudoDirac', or 'hierarchical'). The eventual identification of VO as the true solution of the solar neutrino problem would not imply a hierarchical spectrum of neutrinos. Even with a triply degenerate spectrum, the known radiative corrections are not too large if the mixing angles have certain values motivated by symmetries. In the next section we discuss how the true neutrino spectrum could be identified by conceivable experiments.
4 Will the neutrino spectrum ever be measured?
The conclusions of the previous section make even more acute the problem of the possible experimental determination of the neutrino spectrum [11] . The 0ν, 2β decay searches have set a strong constraint on the modulus of the relevant element of the neutrino mass matrix
where ϕ i are arbitrary phases At the moment, taking into account the uncertainty on the nuclear matrix element, it is |M ν | ee < (0.2 ÷ 0.4) eV [12] . The sensitivity of 0ν, 2β experiments is thought to be improvable by about one order of magnitude [13] . A signal for a neutrino mass might also be obtained from studies of large scale structures in the universe, together with accurate measurements of anisotropies in the temperature of the Cosmic Background Radiation. With the standard cosmological model as reference paradigm, a sensitivity to a total neutrino mass ν m ν > ∼ 0.3 eV is thought to be achievable [14] . The impact of these searches on the issue under consideration can be summarized as follows, as explained below:
1. Finding a 0ν, 2β and/or a cosmological signal, at the level specified above, would prove the 'degenerate' or the 'pseudo-Dirac' spectrum. Different signals can discriminate between 'degenerate' or 'pseudo-Dirac' spectra and/or imply a specific solution of the solar neutrino problem.
2. If neither 0ν, 2β or a cosmological signal will be found, further progress will require knowing that |M ν | ee < m atm . In such a case, establishing SAMSW for solar neutrinos will prove the 'hierarchical' spectrum. On the contrary, LAMSW or VO for solar neutrinos would not allow any straightforward conclusion on the spectrum itself.
Finding |M ν | ee > 0.01 eV and/or ν m ν > 0.3 eV would be against the 'hierarchical' spectrum since, in such a case |M ν | ee ≥ |s Finally, the only existence of a bound on |M ν | ee , |M ν | ee < m atm , together with SAMSW for solar neutrinos would prove the 'hierarchical' spectrum, since, for 'degenerate' or 'pseudo-Dirac' neutrinos, the smallness of θ 12 implies |M ν | ee ≈ max m ν ≥ m atm .
In summary, disappointing as it may be, the experimental distinction between the different neutrino spectra may be hard to achieve in absence of a 0ν, 2β or a cosmological signal and with the solution of the solar neutrino problem proven to be either LAMSW or VO. However, the VO solution of the solar neutrino problem will be incompatible with a degenerate spectrum if (23) will be found to be violated, or if supersymmetry with tan β > ∼ 10 will be discovered. Of course it is also possible that solar oscillations are not due to one of the three standard solutions and/or that the LSND anomaly [15] will be confirmed.
